Cascade or not cascade? Energy transfer and elastic effects in active
  nematics by Carenza, Livio Nicola et al.
Cascade or not cascade? Energy Transfer and Elastic Effects in Active Nematics
Livio Nicola Carenza,1 Luca Biferale,2 and Giuseppe Gonnella1
1Dipartimento di Fisica, Università degli Studi di Bari and INFN, via Amendola 173, Bari, I-70126, Italy
2Dipartimento di Fisica and INFN, Università di Roma “Tor Vergata”, Via Ricerca Scientifica 1, 00133 Roma, Italy
We numerically study the multi-scale properties of a 2d active gel to address the energy transfer
mechanism. We find that activity is able to excite long-ranged distortions of the nematic pattern
giving rise to spontaneous laminar flows and to a chaotic regime by further increasing the rate
of active energy injection. By means of a scale-to-scale spectral analysis we find that the gel is
basically driven by the local balancing between active injection and viscous dissipation, without
any signal of non-linear hydrodynamical transfer and turbulent cascades. Furthermore, elasticity
may qualitatively play an important role by transferring energy from small to larger scales through
nemato-hydrodynamic interactions.
INTRODUCTION
Active fluids are driven to an out-of-equilibrium state
by the injection of energy at microscopic length-scales [1,
2]. Systems of biological origin, such as cytoskeletal or
bacterial suspensions, can be made active by dispers-
ing ATP or tuning oxygen concentration [3, 4], while
synthetic realizations (Janus particles [5] or polyacrylic
acid hydrogels [6]) are able to convert chemical energy
into motion. When activated, the individual constituents
tend to arrange in a liquid-crystalline fashion, developing
orientational (polar or nematic) order [7], in accordance
to their intrinsic (vector or head-tail) symmetry. The
visco-elastic response of active gels to internal energy in-
put has been widely analyzed in the past decade [2, 8],
as we briefly summarize in the following. Varying the
strength of small-scale active injection leads to different
dynamical behaviors ranging from a quiescent state (see
Fig. 1a) at low energy injection rate, dominated by elas-
tic relaxation, to a spontaneous flow regime (Fig. 1b),
where long-ranged elastic instabilities, induced by activ-
ity, are able to produce and autonomously sustain lam-
inar flows [7, 9–12] and give rise to many unexpected
behaviors [13–18].
Experiments on active gels have shown that activity
may further lead to a chaotic state by strengthening
elastic deformations, until the threshold of production
of topological defect pairs is reached [19]. This regime,
characterized by the development of vortical flows, is
commonly –and misleadingly (as we will discuss in this
Letter)– addressed as active turbulence [3, 20–26], due to
the qualitative resemblance to hydrodynamic turbulence
at high Reynolds numbers Re [27].
The mechanism at the base of such chaotic behavior
is yet not fully understood. In particular, the ques-
tion concerning how (and if ) energy may be transferred
among different length-scales by means of some non-
linear interactions –as it happens in classic hydrody-
namic turbulence– still remains unanswered. The tran-
sition from the laminar towards the chaotic state has
been widely analyzed in terms of the topological prop-
erties [33–35] and classified as belonging to the direct
percolation universality class [21], for a system confined
in a channel with rigid walls. Furthermore, the spec-
tral properties of active gels have been investigated in
different experimental realizations [3, 20, 36, 37] and
studied by means of different numerical and analytical
models [31, 34, 38–41] which often do not agree with
each other and do not fit into the scenario of turbu-
lence at high Re. In particular, in a 2d isotropic tur-
bulent fluid –where non-linear advection overcomes vis-
cous dissipation– a counter directional dual cascade takes
place with inverse energy cascade towards larger length-
scales and direct enstrophy cascade to smaller ones [27].
To speak about turbulence you need to be in presence of
at least two ingredients: a highly chaotic spatio-temporal
behaviour and an energy transfer (cascade) over a con-
trollable scale separation between injection and dissipa-
tive mechanisms. Conversely, active gels flow at negligi-
ble Re (. 10−1), a regime where hydrodynamic advec-
tion is not likely playing a significant role, precluding hy-
drodynamic non-linearities to be responsible for the on-
set of the instability in dense active suspensions [20, 42].
Still, one may expect energy to be transferred by means of
non-linear elastic interactions, analogously to what hap-
pens in polymer solutions flowing at low Re [43–45].
A systematic approach to address the energy transfer
mechanism in active gels was recently used by Urzay et
al. [31] which showed the absence of hydrodynamic turbu-
lence making use of the full nemato-hydrodynamic theory
for active nematics. Later on, Alert et al. [41] analytically
and numerically studied the energy balance in Fourier
space in a minimal model for uniaxial defect-free active
nematics, finding an universal power-law scaling k−1 of
the kinetic energy spectrum at small wave-numbers due
to the long-ranged visco-elastic interactions, without any
energy cascade. The absence of hydrodynamic advec-
tion was also reported by the authors of this paper for
the case of an active polar emulsion, even if no scale-
invariance was found [46]. Interestingly, Linkmann et
al. [47] have shown that the nemato-hydrodynamic equa-
tions used in the aforementioned papers can be mapped


























Figure 1. Dynamical regimes of active nematics. Numerical simulations of an active nematics with elastic constant
K = 0.04 at varying the intensity of the activity ζ. The picture is a summary of the three dynamical regimes occurring
in active gels (whose spectral properties we discuss in this paper) as previously reported in [28–31]. Left panel shows the
configuration of the nematic field (white rods) during the relaxing dynamics in proximity of two oppositely charged semi-
integer defects in the quiescent regime (i.e. at low activity ζ = 10−5). Central panel shows a configuration at ζ = 5× 10−4 in
the spontaneous flow regime. The nematic field undergoes an activity-induced banding instability that breaks the rotational
symmetry, producing bands of laminar flow (colored arrows) which is stronger where elastic deformations are more pronounced.
Right panel shows a typical chaotic configuration at strong activity ζ = 5 × 10−2, where rotational symmetry is statistically
restored. This state is characterized by the formation of walls, narrow regions of strong banding deformations, which eventually
give rise to the enucleation of topological defects [32]. Simulations are performed on a square grid of size L = 512 and different
portions of the systems are shown in the three panels.
the range of scales and the rate of energy injection can be
selected by tuning some model parameters. Controver-
sially, this single-fluid model predicts energy to be trans-
ferred between length-scales by means of advective in-
teractions [38, 49, 50], thus leaving open the question if
the chaotic regime found in the models of active gels can
be characterized as a turbulent cascade. The question is
not semantic, as in the presence of turbulence we must
be able to control the intensity and the scale-extension of
the fluctuating fields, and we expect universal behaviour
independent of the details of the forcing mechanisms.
The goal of this paper is to study the energy transfer
mechanism in a well established model for active ne-
matics [31, 34, 51], in order to disentangle all possible
contributions behind the complex multi-scale behaviour
including the –so far– elusive role of elasticity. We
start from the full nemato-hydrodynamic theory for
active nematics and we perform a systematic spectral
analysis to elucidate the role of reactive, elastic, kine-
matic and dissipative contributions to the multi-scale
energy dynamics. We confirm that kinematic advective
contributions are factually negligible and dynamics to
be mostly driven by the mutual balancing of active
injection and viscous dissipation without any important
turbulent energy transfer across scales, except for a small
contribution given by elasticity which moves energy
from small scales towards larger ones, giving rise to an
effective small non-linear inverse energy transfer.
Model We model the dynamics of a bidimensional ac-
tive gel by means of the Landau-De Gennes theory for
LC [52]. We consider ρ and v, respectively the density
and the velocity of the fluid. The ordering properties of
the LC are encoded in the nematic (trace-less and sym-
metric) tensor Qαβ , whose principle eigenvector n –the
director– defines the local preferential direction of align-
ment of the LC. The dynamics of the active gel is ruled
by the following set of equations:
(∂t + v · ∇)Q− S(∇v,Q) = Γ−1H. (1)





The first is the Beris-Edwards equation which defines the
relaxation of the LC. Here Γ = 1 is the rotational viscos-
ity, while
S(∇v,Q) = (ξD + Ω)(Q + I/3)
+ (Q + I/3)(ξD−Ω)− 2ξ(Q + I/3)Tr(Q∇v),
is the strain rotational derivatives where Dαβ = (∂αvβ +
∂βvα)/2 is the strain rate tensor, Ωαβ = (∂αvβ−∂βvα)/2
is the vorticity tensor and ξ is the dimensionless align-
ment parameter, related to the shape of the suspended
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Figure 2. Spectral properties of the turbulent state.





dk Sactk ) for some values of the activity parame-
ter ζ and K = 0.04, where U0 is the typical flow velocity (see
text). Panel (c) shows the corresponding spectra of active
energy input Sactk . Panels (b) and (d) show the continuous
behavior respectively of the Weissenberg number and the en-
tropy production at varying ζ for different values of the elastic
constant K. Simulations are performed on a square grid of
size L = 512.
particles. Unless otherwise stated, we choose ξ = 0.7,
corresponding to flow aligning rods [53]. The traceless





is derived from the
Landau-De Gennes free energy F =
∫
df , with the free
energy density f given by the sum of a bulk contribution
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term fel = K2 (∇Q)
2, where A0 = 0.8 and K are respec-
tively the bulk and elastic constant and χ is a parame-
ter controlling the isotropic-nematic transition, occurring
when χ > 2.7 [52]. Eq. (2) is the Navier-Stokes equation,
where p is the ideal fluid pressure and the stress ten-
sor has been divided in a passive (σpass) and an active
(σact) part. The former accounts for dissipative and reac-
tive effects and can be expressed as the sum of a viscous
























QγµHγµ +QαγHγβ −HαγQγβ .
(3)
The active stress is given by σact = −ζQ [54, 55]. The
constant ζ, the activity, tunes the intensity of the ac-
Figure 3. Energy balance in Fourier space. Time av-
eraged power spectra at K = 0.04, for the spontaneous flow
regime at ζ = 5 × 10−4 are shown in panel (a) and for the
chaotic regime at ζ = 5× 10−2 in panel (b). Notice that the
strength of active injection (and viscous dissipation) increases
by a factor ∼ 102.
tive doping and describes extensile particles, if ζ > 0, or
contractile ones otherwise.
We numerically integrate Eqs. (1) and (2) on a 2D
simulation box of size L = 512 by means of a hybrid
lattice Boltzmann method [51], so that the fluid may be
in principle slightly compressible. However, the Mach
number Ma = v̄/cs  1 in our simulations (where v̄
denotes the average fluid velocity and cs the speed of
sound) and density fluctuations δρ ∼ Ma2, are to all
practical effect negligible. Therefore, in the following we
assume density to be homogeneous (ρ = 1) so that the
flow field satisfies the condition of incompressibility ∇ ·
v = 0. Simulations units can be mapped onto physical
ones by fixing the grid spacing ∆x = 5µm, the time-
step ∆t = 20ms and the force-scale f∗ = 2µN . In our
simulations the viscosity is set to η = 5/6 corresponding
to 1.33kPas.
OUR RESULTS
We vary the intensity of extensile activity and the elas-
tic constant of the LC, moving from the quiescent regime
of Fig. 1(a) to the chaotic case shown in panel (c). It is
known that the dynamical equations (1) and (2) exhibit
an elastic instability to bending deformations at increas-
ing the activity parameter ζ [8, 34, 56]. This first occurs
when the active length-scale la ∼
√
K/ζ drops under half
the size of the system, being able to excite a long wave-
length modulation of the nematic pattern, as shown in
Fig. 1(b) for the case at ζ = 5× 10−4. The deformation
of the LC injects energy in the system by means of the
active stress σact in the direction normal to the bend-
ing. Our approach to quantitatively study the response
of elastic and dissipative contributions to active injection
is to consider a balance equation for the kinetic energy
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Figure 4. Elastic energy transfer. Elastic spectra Selk for
some values of ζ and K = 0.04. The color scale is the same
as in Fig. 2. The red (blue) line in the inset shows the ratio
between the typical flow scale lv and the active injection la
(elastic lel = L/kel) length-scale.
in Fourier space:
∂tEk + Tk = Svisck + Selk + Sactk . (4)
Here Ek = 〈|vk|2〉/2 is the energy spectrum, 〈·〉 denot-
ing the sum on shells of equal momentum (|k| = k), and
Tk = 〈v∗k · Jk〉 is the rate at which energy is transferred
by non-linear advective interactions, with Jk the Fourier
representation of the hydrodynamic flux −∇p + v · ∇v.
The terms on the right-hand side of Eq. (4) are respec-
tively given by




Selk = 2πi〈v∗k ⊗ k : σelk 〉/L
Sactk = 2πi〈v∗k ⊗ k : σactk 〉/L
and represent the rate at which energy is absorbed, in-
jected or –eventually– transferred among length-scales,
by viscous, elastic and active contributions.
By comparing the energy spectrum Ek and the spec-
trum of active injection Sactk , respectively shown in
Fig. 2(a) and (c) for the case with smallest activity
(spontaneous flow regime) at ζ = 5 × 10−4, we observe
that the flow develops fluctuations at the same length-
scale where energy is injected, giving rise to the lam-
inar flow observed in panel (b) of Fig. 1. As activity
increases, the active stress injects energy at larger and
larger wave-numbers (see Fig. 2(c)), thus strengthening
the bending of the active nematics, leading to the pres-
ence of narrow regions, walls [29, 34], characterized by
Figure 5. Elastic relaxation. Dynamical response of the
elastic spectrum Selk as activity is switched off starting from a
chaotic steady-state configuration at ζ = 5× 10−2. The time
iterations are reported in the legend in lattice units.
strong deformations which eventually produce a prolif-
eration of topological defects (point-like disclinations).
These are singular regions where the nematic order is
lost and it is not possible to define the mean orientation
of the LC molecules. Walls and disclinations play a rel-
evant role on the onset of the chaotic regime since the
strong distortions in their neighborhood generate flows
which are in turn responsible for the deformation of the
walls and the unbinding of more defects pairs [28, 57],
thus driving the system towards the apparently turbu-
lent state. The increasing amount of energy injected in
the system has the important effect of strengthening the
flows, which develop on a wider range of scales, as sug-
gested by the behavior of the energy spectra at large
activity in Fig. 2(a). In order to characterize the hy-
drodynamic response of the active nematic to elastic de-
formations, we introduce an active Weissenberg number
Wi = U0τel/la [44], where U0 =
√∫
dkEk is the typical
flow velocity, τel = U20 /(
∫
dk|Selk |) is the relaxation time
of the LC and la = L/ka is the typical length-scale of





behavior of Wi at varying ζ (see Fig. 2(b)) reflects the
continuous nature of the transition from the spontaneous
flow towards the chaotic regime, without any singularity
neither in the hydrodynamic nor in the energetic prop-
erties of the system, regardless of the strength of the LC
elasticity. This is also confirmed by the power-law scal-
ing ∼ ζ2 of the entropy production s = η(∇vtl)2 + 1ΓH
2,
shown in Fig. 2(d).
As shown by the previous discussion, energy spectra do
not provide enough information to disentangle the intri-
cate transfer mechanism in a complex fluid. In particular,
it is not possible on the basis of the spectrum only to un-
derstand what are the physical mechanisms behind the
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formation of given structures at a given scale. In order
to achieve it, we analyzed the energy balance in Fourier
space by considering the scale-to-scale contributions of
the terms in Eq. (4), shown in Fig. 3. We observe that
in the spontaneous flow regime (left panel, correspond-
ing to Fig. 1(b)) only small wave-numbers contribute to
dynamics. This is because activity is only able to ex-
cite smooth long-ranged deformations of the LC pattern
which set up and autonomously maintain laminar flows
spanning the whole system. The energy injected by ac-
tivity (ochre line) is either dissipated by viscosity (gray)
or used to sustain deformations in the LC pattern (red),
leading to a localized balance, scale-by-scale, for the en-
ergy dynamics.
As ζ is increased and the system enters the chaotic
regime, the rate of active injection considerably increases
as activity excites modes at larger and larger wave-
numbers, while the energy scale of elastic effects remains
roughly unaltered, as suggested by a direct comparison
of the two cases shown in Fig. 3. In agreement with pre-
vious works [31, 41], the dynamics is basically driven by
the local balancing between active injection and viscous
dissipation, while hydrodynamic convective interactions
are practically negligible. Interestingly enough, we ob-
serve here that the elastic term change sign developing
a (small) non linear energy transfer from large towards
small wave-numbers (see right panel of Fig. 3), due to
cross-triadic interactions in Selk between the nematic ten-
sor in Eq. (3) and the velocity field, thus opening the road
to have an equilibrium parameter in the system to con-
trol the flow response. Thus, it is of interest to further
analyze the behavior of the elastic contribution at vary-
ing the elastic constant K. For K . 10−2, the elastic
term Selk counters active injection, regardless of the in-
tensity of the active pumping, by absorbing energy at any
length-scale, analogously to what happens in the sponta-
neous flow regime. This picture drastically changes when
stiffer LC (K & 10−2) are considered. In this case, the
behavior of the elastic contribution develops a positive
branch at small wave-numbers and a negative one at large
k (Fig. 3(b) and Fig. 4), giving rise to an effective energy
transfer from small towards larger length-scales. Fig. 4
shows the elastic spectrum Selk for K = 0.04 for some val-
ues of ζ. We observe that the non-linear energy transfer
sets up as ζ & 5×10−2, corresponding to the threshold of
the chaotic regime for the specific value of the elastic con-
stant here considered. The amount of energy transferred
among scales grows with ζ and the elastic term behaves
as an energy source, since the positive branch at small
wave-numbers is always larger than its negative counter-
part at larger k. Interestingly the wave-number kel defin-
ing the crossover between the source and the absorbent
branch of the elastic spectrum grows towards larger k as
activity is increased together with the injection length-
scale la (see Fig. 4). Moreover, we observe that the ratio





and the injection scale slowly increases with ζ, contrary
to what happens in fully developed 2d hydrodynamic tur-
bulence, where the separation between the two length-
scales can grow indefinitely [27]. Hence, the elastic non-
linear term moves an amount of energy which is small,
if compared with the other contribution, over a limited
range of scales so that energy is mostly dissipated at the
same scale where it is injected. Moreover, if the elastic
transfer would play a relevant role, one would expect the
statistical properties of the flow to develop scale-invariant
features –i.e. a power low decay of the energy spectrum
as in hydrodynamic turbulence– in contrast with our ob-
servations. These results suggest that the elastic term
does not establish an energy cascade even contributing
to the overall dynamics with a small non-linear transfer.
This is the result –more than the cause– of the tendency
of the LC to relax deformations induced by activity at
small scales (∼ la < lel = L/kel), giving rise to the typi-
cal configuration of Fig. 1(c) where narrow walls of strong
bend deformations in the nematic pattern are spaced by
wider aligned regions.
The role of the elasticity is confirmed by a dynamical
experiment consisting in observing the relaxing dynamics
of the LC. We start from the fully chaotic configuration
of Fig. 1(c) at ζ = 5×10−2 and we switch the activity off
to track the evolution of the elastic spectrum Selk during
relaxation, as shown in Fig. 5. As activity does not sup-
port any energy input anymore, the negative branch at
large wave-numbers immediately fades away. The only
energy source is the elastic deformations of the nematic
pattern, which progressively relax into an aligned equilib-
rium configuration. In this case, we observe an inversion
of the behavior of the elastic spectrum with a negative
branch at small k which removes energy from large-scales
to transfer it towards smaller scales, where it is dissipated
by viscosity.
CONCLUSION
In this Letter we have numerically analyzed the con-
tinuous transition from spontaneous flow towards the
chaotic regime of an active nematics. We found that
the transition is driven by activity by exciting distor-
tions at larger and larger wave-numbers. By means of
a scale-to-scale analysis, we showed that non-linear hy-
drodynamic interactions do not influence the dynamics
of the active gel which is basically ruled by the local bal-
ancing between active energy injection and viscous dissi-
pation, meaning that energy is mostly dissipated at those
length-scales at which it has been injected, in line with
the small Reynolds number Re, measured from simula-
tion which never exceeds 0.1. This is in strict contrast
with the results obtained by means of a Słomka-Dunkel
approach [36, 38, 47], where the turbulent regime has
hydrodynamic origin as it arises from an inverse turbu-
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lent cascade triggered by an ad hoc linear instability in
the NSE which leads to small scale injection through the
action of a hyper-viscous term. However, in this case
the Reynolds number Re is consistently greater than 1–
a regime where inertial effects actually overcome viscous
dissipation. The energy spectra in our simulations do not
exhibit power-law scaling, contrary to what was reported
by Alert et al. in [41] for the simplified case of an uniaxial
defect-free active nematics. This may be due to the fact
that biaxial fluctuations in the ordering properties of the
LC may consistently alter the long-ranged interactions in
the chaotic state, leading to the loss of scale invariance
–an aspect which deserves further investigation. Further-
more, we found that the non-linear elastic terms may
qualitatively play an important role by moving energy
between different scales, developing a positive branch at
small wave-numbers and a negative one at large k, thus
leading to non-linear energy transfer. The rate at which
energy is transferred among scales, though, is small com-
pared with the injection/dissipation rate and the elastic
contributions cannot sustain any energy cascade. Hence,
our results show that the full nemato-hydrodynamic the-
ory for active gels does not exhibit typical turbulent dy-
namics. Accumulation of energy at large scales occurs
as the effect of non-trivial couplings between the banded
patterns of the LC –which lead to active energy input–
and the velocity field. Nonetheless, the question whether
it exists a range of parameters where it is actually possi-
ble to observe a fully developped inverse cascade still re-
mains open. In such a case we expect the elastic energy
transfer to drive the dynamics of the system and even-
tually develop power-law scaling in an extended range of
scales comprised between the small scales of active injec-
tion and the larger scales where the velocity field develops
vortical structures.
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